Inspired by Pythagoras's belief that numbers represent the reality, we study the topological properties of networks of composite numbers, in which the vertices represent the numbers and two vertices are connected if and only if there exists a divisibility relation between them. The network has a fairly large clustering coefficient C % 0:34, which is insensitive to the size of the network. The average distance between two nodes is shown to have an upper bound that is independent of the size of the network, in contrast to the behavior in small-world and ultra-small-world networks. The out-degree distribution is shown to follow a power-law behavior of the form k À2 . In addition, these networks possess hierarchical structure as CðkÞ$k À1 in accord with the observations of many real-life networks. . Empirical studies on real-life networks reveal some common characteristics different from random networks and regular networks. Among these features, the most noticeable characteristics are the small-world effect and scale-free property [11] [12] [13] . In this paper, inspired by Pythagoras' belief that numbers represent absolute reality, we study the topological properties of the most natural network in Pythagoras' sense, namely the network consisting of integers.
measuring the time delay. Other important topological properties include the clustering coefficient and degree distribution. The degree of a vertex x, denoted by kðxÞ, is the number of the edges that are attached to the vertex. Through the kðxÞ edges, there are kðxÞ vertices that are correlated with or connected to the vertex x. These neighboring vertices form a set of neighbors AðxÞ of x. The clustering coefficient CðxÞ of the vertex x is the ratio of the number of existing edges among all the vertices in the set AðxÞ to the total possible number of edges connecting all vertices in AðxÞ. The clustering coefficient C of the entire network is the average of CðxÞ over all x. Empirical studies indicate that many real-life networks have much smaller average distances (with L$ ln S, where S is the number of vertices in the network) than completely regular networks and have much larger clustering coefficients than the completely random networks. Studies on real-life networks also show a power-law degree distribution of the form pðkÞ$k Àg , where pðkÞ is the probability density function for the degrees and g is an exponent. This distribution falls off slower than an exponential, allowing for a few vertices with large degrees. Networks with power-law degree distribution are referred to as scale-free networks.
Here, we investigate a network in which the vertices represent a set of positive integers. Two vertices x and y are linked by an edge if and only if x is divisible by y or y is divisible by x. By definition, the topological structure of the network is determined, once the set of vertices under consideration is known. For example, Fig. 1 shows the topological structure of a network with the set of vertices representing the integers f4; 6; 8; 9; 10; 12; 14; 15; 16; 18; 20; 21; 22; 24; 25; 26; 27; 28; 30g.
Formally [14] , a network is represented by a graph GðV ; EÞ, where V is the set of vertices and E is the set of edges. A graph G is said to be connected if any two vertices of G are connected, i.e., one can go from one vertex to another through the edges in the network. If a graph G is not connected, it consists of several disjoint components. The example in Fig. 1 Different sets of vertices (positive integers) will, in general, lead to graphs of different properties. For instance, the set of integers f1; 2; 4; . . . ; 2 n g generates a complete graph, and the set consisting of all the prime ARTICLE IN PRESS numbers and 1 leads to an infinite star graph. Here we focus on a special class of networks of integers in which the vertices are composite numbers. A composite number is a positive integer greater than 1 and is not prime. We use the symbol G N to denote the network generated by the set of composite numbers less than or equal to N, i.e., V N ¼ fxjx 2 Q; 4pxpNg, where Q is the set of all the composite numbers. For example, the largest component of the network in Fig. 1 is the graph G 30 . Note that the number of vertices in G N grows with N. We have calculated the clustering coefficients C in the networks G N up to N ¼ 20; 000 and found that the clustering coefficients only fluctuate very slightly about the value of 0:34 with N (see inset of Fig. 2) . Fig. 2 also shows the dependence of the average distance L in the networks G N for N up to 20,000. After a range of N less than 5000 for which L increases from about 1.8 to 2.4, the average distance increases fairly slowly with N for N45000. Note that the average distance L$ln N in small-world networks [11] and L$ln ln N in ultrasmall-world networks [15] . Here, we show that the diameter [16] D of G N must be smaller than a constant M that is independent of network size characterized by N, i.e., DoM in G N for arbitrary N, where M is a constant. For any vertex x 2 G N , we first prove that the distance between Fig. 3 . The scaling of CðkÞ with k for integer network G 100;000 . The solid line in the log-log plot has slope À1 for comparison. and 27, for which 8 and 12 are connected directly to 4. For N4107, there exists a path from x to 4 through 4x. Therefore, for any vertex x with at least 3 prime factors, dðx; 4Þp3. Finally, for q ¼ 2, since AðxÞa;, y ¼ 2x must be in AðxÞ. Then y has at least 3 prime factors: p 1 , p 2 and 2, leading to dðy; 4Þp3 and thus dðx; 4Þp4. Therefore, for any two vertices a; b 2 G N , we have dða; bÞpdða; 4Þ þ dðb; 4Þp8. This implies Dp8. Since the average distance LoD, the networks G N have a constant upper bound for L. The networks G N are, thus, distinguished from the other networks by having a large clustering coefficient C ð% 0:34Þ and a constant upper bound to the average distance L. The clustering coefficient of a vertex will also depend on the degree of the vertex. Fig. 3 shows the results for CðkÞ, where CðkÞ is the average clustering coefficient of all the nodes with degree k. We added a solid line with slope À1 in the plot for comparison. The results indicate that CðkÞ approximately follows a power-law with an exponent % À1. We note that the relationship CðkÞ$k À1 has been observed in many real-life networks, while it is in contrast to the behavior of CðkÞ in the scale-free growing networks with preferential attachments in which CðkÞ has been claimed to be k-independent [17] . Fig. 4 shows the degree distributions of the network G 1000000 . The degree of a vertex x is the sum of the indegree and out-degree: kðxÞ ¼ k in ðxÞ þ k out ðxÞ; where the in-degree of x is defined as the number of elements in the set AðxÞ that are factors of x, and the out-degree of x is the number of elements in AðxÞ that are divisible by x. Fig. 4(a) and (b) show the in-degree and out-degree distributions. Note that the range of in-degrees is smaller than that of out-degrees in the network G N . The in-degree distribution does not show any power-law behavior. For the out-degrees, k out ðxÞ ¼ bN=xc À 1. This leads to Pðk out Þ$k À2 , for a range of k larger than unity. This behavior is shown by the straight line in (b). The behavior for very large k is limited by the size of the network characterized by N. Counting the in-degree and out-degree together, Fig. 4(c) shows the total degree distribution.
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In summary, we proposed and studied a kind of networks that can be regarded as the most natural, namely networks consisting of sets of composite numbers as vertices. Such networks exhibit interesting features that are different from many previously studied real-life networks. Most noticeably, these networks show a fairly large clustering coefficient C % 0:34, hierarchical structure CðkÞ$k À1 , and a power-law out-degree distribution. More interesting, the average distance between two vertices is shown to have an upper bound that is independent of the network size, suggesting that they can be considered as a new class of networks wherein the infectious diseases may spread much more easily and quickly than traditional small-world networks especially when the network size is sufficient large.
Due to their special topological properties, the present networks have significant potential in the designs of communication systems. Firstly, most previous designs of the topology of distribution processing systems, local area networks, data memory allocation and data alignment in single instruction multiple data processors require deterministic structures [18] . Secondly, most widely used networks for the designs of communication systems have infinite average distance when the network size gets infinite L ! 1ðN ! 1Þ, which may lead to great time delay if the system size becomes huge [19] . These examples include hypercubes [20] , crossed cubes [21] , double loops [22, 23] , and so on. While the upper bound of diameter in the present networks ensures an efficient communication. The last problem, also the most important one, is about the routing strategy. The previous studies have proved that one can scheme out highly efficient routing algorithm if the global topological information is known and the dynamical computing is feasible [24, 25] . However, the global topological information requires too much memory for a single router, thus the global routing strategy, although much more efficient than local routing strategy [26] [27] [28] , is usually impractical for large-scale communication networks. Fortunately, in the present networks, the global information is available while no memory is required [29] . This property is completely different from most known ones, providing us the feasibility to work out an efficient searching and routing algorithm for very large-scale networks.
This work unfolds an alternative perspective in the study of complex network, that is, to explore deterministic mathematical networks instead of search for real data in nature. Mathematical objects, although unintentionally defined to be so at the beginning, very often have close connections to the physical world [30] [31] [32] [33] . It is, therefore, worth investigating the secret of other networks of mathematical objects such as those consisting of groups and rings as vertices.
